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623. 


ON THREE-BAR MOTION. 


[From the Proceedings of the London Mathematical Society, vol. vit. (1875—1876), 
pp. 136—166. Read March 10, 1876.] 


THE discovery by Mr Roberts of the triple generation of a Three-Bar Curve, 
throws a new light on the whole theory, and is a copious source of further develop- 
ments *. The present paper gives in its most simple form the theorem of the triple 
generation; it also establishes the relation between the nodes and foci; and it con- 
tains other researches. I have made on the subject a further investigation, which I 
give in a separate paper, “On the Bicursal Sextic,’ [624]; but the two papers are 
intimately related and should be read in connection. 


The Three-Bar Curve is derived from the motion of a system of three bars of 
given lengths pivoted to each other, and to two fixed points, so as to form the three 
sides of a quadrilateral, the fourth side of which is the line joining the two fixed 
points; the curve is described by a point rigidly connected with the middle bar; or, 
what is more convenient, we take the middle bar to be a triangle pivoted at the 
extremities of the base to the other two bars (say, the radial bars), and having its 
vertex for the describing point. 


Including the constants of position and magnitude, the Three-Bar Curve thus 
depends on nine parameters; viz. these are the coordinates of the two fixed points, 
the lengths of the connecting bars, and the three sides of the triangle. It is known 
that the curve is a tricircular trinodal sextic, and the equation of such a curve contains 
27 —6— 6—3, =12 constants. Imposing on the curve the condition that the three 
nodes lie upon a given curve, the number of constants is reduced to 12 —3, —9: and 
it is in this way that the Three-Bar Curve is distinguished from the general tricircular 


* See his paper “On Three-Bar Motion in Plane Space," l.c., vol. vi, pp. 15—23, which contains more 


than I had supposed of the results here arrived at. There is no question as to Mr Roberts’ priority in all his 
results. 
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trinodal sextic; viz in the Three-Bar Curve the two fixed points are foci, and they 
determine a third focus*; and the condition is that the nodes are situate on the circle 
through the 3 foci. 


The nodes are two of them arbitrary points on the circle; and the third of them 
is a point such that, measuring the distances along the circle from any fixed point 
of the cireumference, the sum of the distances of the nodes is equal to the sum of 
the distances of the foci. Considering the two fixed points as given, the curve 
depends upon five parameters, viz. the lengths of the connecting bars and the sides of 
the triangle. Taking the form of the triangle as given, there are then only three 
parameters, say the lengths of the connecting bars and the base of the triangle; in 
this case the third focus is determined, and therefore the circle through the three 
foci; we may then take two of the nodes as given points on this circle, and thereby 
establish two relations between the three parameters, in fact, we thereby determine 
the differences of the squares of the lengths in question: but the third node is then 
an absolutely determined point on the circle, and we cannot make use of it for com- 
pleting the determination of the parameters; viz. one parameter remains arbitrary. Or, 
what is the same thing, given the three foci and also the three nodes, consistently 
with the foregoing conditions, viz. the nodes lie in the centre through the three foci, 
the sum of the distances of the nodes being equal to the sum of the distances of 
the foci: we have a singly infinite series of three-bar curves. 


In reference to the notation proper for the theorem of the triple generation, I 
shall, when only a single node of generation is attended to, take the curve to be 
generated as shown in the annexed Figure 1; viz. O is the generating point, OC,B, 
the triangle, C, B the fixed points, CC, and BB, the radial bars The sides of the 


Fig. 1. 


triangle are a, b, c, ; its angles are O, =A, B,, =B, €,, — C: the bars CC, and BB, 
are =a, and a; respectively, and the distance CB is =a. The sides a, b, c; may be 
put = k, (sin A, sin B, sin C), and the lines a, a, a= (kı, ka ks) sin A, viz. the original 
data a), b, Ci, i, Qa, à, may be replaced by the angles A, B, C (A+B+C=7) and 
the lines A, kə» ky} And it is convenient to mention at once that the third focus 
A is then a point such that ABC is a triangle similar and congruent to OB,C,. 


* A focus is a point, given as the intersection of a tangent to the curve from one cireular point at infinity 
with a tangent from the other circular point at infinity; if the circular points are simple or multiple points on 
the curve, then the tangent or tangents at a circular point should be excluded from the tangents from the 
point; and the intersection of two such tangents at the two circular points respectively is not an ordinary 
focus; but, as the points in question are the only kind of foci occurring in the present paper, I have in the 
text called them foci. 
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It may be remarked that, producing CC, and BB, to meet in a point a, this is 
the cenire of instantaneous rotation of the triangle, and therefore aO is the normal to 
the curve at O. 


I proceed to show that the three nodes F, G, H are in the circle circumscribed 
about ABC, and that their positions are such that (the distances being measured along 
the circle as before) we have the property, Sum of the distances of F, G, H is equal 
to the Sum of the distances of A, B, C. 


Supposing O to be at a node F, we have then the two equal triangles FB,C,, 
FB/C/, such that C,, C; are equidistant from C, and. B,, B; equidistant from B. Hence 
the angles B,FB,, C,FC; are equal; consequently the halves of these angles CFC, and 


Fig. 2. 


BFB’ are equal; whence the angle CFB is equal to the angle C,'FB,, that is, to the 
angle A; or F lies on a circle through B, C such that the segment upon BC contains 
the angle A, that is, upon the circle through A, B, C. To complete the investigation 
of the nodes, suppose CF =r, BF =o: then the condition Z CFC/ = Z BFB, gives 

bè +r a o+- a 


2b,7 2c, 
that is, 
Qo (0 TU-— a?) — bT (is + o?— ag) =0; 


and the condition that F is on the circle gives 
e? + T? — 2a cos A = a’, 


These equations give six values of (c, 7) corresponding in pairs to each other; viz. if 
(c1, Tı) is a solution, then (—o,, —7,) is also a solution; and to each pair of solutions 
corresponds a single point on the circle, viz. we have thus the three nodes F, G, H. 


Writing the foregoing equation in the form 
(a (b? — a2) e — b, (c? — a) T} (e? + T? — 2o7 cos A) + a? (aor? — b,o?r) = 0, 


and putting the left-hand side — M(e —p,r) (c — p.) (c — p,r) ; then, if a, 8, y denote 
cos A +isin A, cos B +isin B, cos C -Fisin C respectively, putting first o=ar and next 
c= ~- , and dividing one of these results by the other, we find 

ce—ba _ a — Pı . 4— P. A — s 

qa—b, 1l-—pa.l-— pa.l -— pa’ 
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The left-hand side is here 
. SinC —asin B sin C—sin B (cos A + isin A) 
" asinC—sinB  sinC(cos A +7 sin A) — sin B 


sin A (cos B — i sin B) y 


m ee ae ee —— 


or the equation is 


a—p.a—p.a—-p __ 
1—p,a.1—p.a.1— psa B 
Also, writing f for the angle FCB, we have c= HAA T, viz. the values of 
sin f sin g LEA We thence find 


Po Pe Po SS gin (447)! sin(A +g)’ sin (A+A) 


a-p, _sin(A+/)(cosA+isinA)—sinf cos(A -- f)--isin(A +f) 
l—ap, sin(A+f)—(cosA +isin A)sinf - cos f — 4 sin f 
— cos (A -- 2/) -- sin (A 4- 2f); 


with the like values for the other two values. Hence, writing also 


— $7 — cos (0- B) - isin(0— B) = cos (m + C— B) + isin (m4 0— B) 


the equation becomes 
cos (8.4 + 2f + 2g + 2h) + isin (BA + 2f+ 29 + 2h) = cos (m + C — B) + i sin (m + C — B), 


that is, 

3A + 2f-- 2g + 2h = r + C — B, 
or, what is the same thing, 

2f-- 2g -2h — m +0 - B—3A. 


Fig. 3. 
S a 
* M 
F 
Cc B 
e 


Reckoning the angles round the centre from a point € on the circumference, if 
A’, B', C', F, G', H' are the angles belonging to the points A, B, C, F, G, H 


respectively, then 
A' 2X4 20€, F'-Xx- 2f, 


B =x, G' =r + 29, 


C’=rX+20+2B, H’=2r+2h; 
and therefore 


A’+ B+ C’=3244042B, F’4+ G+ H’=8.4+2f4+294+2h, =8\+7+C-B-34; 
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that is, A’+B’+ 0’ —F'-G' —-H’=-7+3(A+B+0); or, omitting an angle 27, this 
is A’+B+C’=F’'+G@' +H’, the equation which eed the relation between the 
three nodes on the circle ABC, 


Reverting to the equation cc (b?+ T? — a})— bT (0° +0o°— 45) — 0, which belongs to 
a node: if we consider the form of the triangle as given, and write bs c; = k sin B, 
k,sin C, this becomes 


o sin O (b? — a?) — 7 sin B (c? — a5) + or (r sin C — o sin B)=0; 


viz. considering the node as given, then the values of o, 7 are given, and the equation 
establishes a relation between the values of b?— a? and c?—a?*. If a second node 
be given, we have a second relation between these same quantities, and the two 
equations give the values of the two quantities, viz. the values of k?sin* B — k?sin? A, 
k? sin? C — kè sin? A, or, what is the same thing, the value of Mene Á ML m k. E atn 
It thus appears that, if l, l, |, are any values of kı, ka, k, belonging to a given system 
of three nodes, the general values of kı, ka, k, belonging to the same system of three 
nodes are 


ke@=l2+usim? A, k?-—l0?-usm B, ke=12+ usin? O, 
where uw is an arbitrary constant. 


It may be added that there will be a node at B, if the equation is satisfied by : 


dine 3 k, ka "T T 
T—0,c-—a,for the condition is b? — a? -— 0: that is, if "y adem; D similarly, there will 
be a node at C, if c?— 054-20, that is, if ho o and a node at A, if 


sin A^ sin B’ 
If two of these equations are satisfied, the third equation is also 
k, k, ks 


sind sinB sin 


d | 5 
sin C sin B’ 


satisfied, viz. we then have an? and the three nodes coincide with the 


three foci respectively. 


If, in Figure 2 (p. 553), the points C,, O; coincide on the line CF, and therefore 
also the points B,, B, coincide on the line BF, then, instead of a node at F, we have 
a cusp. We have in this case a triangle the sides of which are a,--b,, a,4-c,, a, and 
the included angle between the first two sides is =A: we have, therefore, the relation 

a? = (a, + b, + (as + e — 2 (a, + bi) (as + €) cos A. 
Substituting herein for a, a, b, &c, the values ksinA, h,sin A, k,sin B, &., the 
equation is 

k? sin? A = (k sin B+ k, sin A} + (k, sin C + b; sin Ay 

— 2 (k, sin B+ k, sin A) (k, sin C + k; sin A) cos A. 
* Considering, in the equation, a, and a, as the distances of a variable point P from the points C and B 
respectively, the equation represents a circle having its centre on the line CB. Similarly, when a second 
node is given, the corresponding equation represents another circle, having its centre on the line CB, and 


the intersections of the two circles determine a, and ag, the lengths of the radial bars, in order that the 
curve may have the given nodes, 


70—2 
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Expanding the right-hand side and reducing by means of 4+B+C=7, the whole 
becomes divisible by sin? A, and we have 


ke = kh? + ke? + k? — 2k,k, cos A + 2k,k, cos B + 2k, k, cos C ; 


viz. considering A, B, C, kı, k k, as given, this equation determines Æ so that the 
curve may have a cusp. The equation is one of the system of four equations 


ke = k? + k2 + kg — 25b, cos A + 25k, cos B+ 2k, kb, cos C, 

2 = k + ke + k + 2kzk; cos A — 2k,k, cos B+ 2k,k, cos C, 
ke = k? + k? + k+ 2k.k, cos A + 2k,k, cos B — 2k, k, cos C, 
ke = ke + ke + k — 2k,k; cos A — 2k;k, cos B — 2k, k, cos C, 


which belong to the different arrangements CC,F or CFC,, BB,F or BFB,, of the three 
points on the lines BF and CF; if k has any of these four values, the curve will 
have a cusp. If two of the equations subsist together, we have a curve with two 
cusps. Taking A, ka, ką, and also cos A, cos B, cos C, as positive, viz. assuming that the 
triangle is acute-angled, the fourth equation cannot subsist with any one of the others: 
but two of the others may subsist together, for instance, the first and second will do so, 
if b, b, cos A =k,k, cos D, that is, if E LA and then k= k? + k? + k+ 2k hy cos C : 
the curve has then two cusps. Similarly, the three equations may subsist together, viz. 


we must then have 
ho hh  h 
cosA cosB  cosC" 


writing herein À,, k, k=) cos A, X cos B, X cos C, we find 


ke = Lg -H kè + kg de 2l, k, cos A A 


k? = X? (cos? A + cos? B + cos? C + 2 cos A cos B cos C) =X; 
viz. if kı, ka, k; are respectively =k cos A, kcos B, kcos C, the curve has then three cusps. 
It will be recollected that, if 
ki : ke: k; =sin A : sin B : sin O, 

the nodes coincide with the foci; the two sets of conditions subsist together, if 
A=B=C=60°; kı =k,=k,= $k, viz we have then a curve with three cusps coinciding 
with the three foci respectively. 

Before going further, I will establish the theorem for the triple generation of 
the curve. 

The theorem which gives the triple generation may be stated as follows. See 
Figures 4, 5, 6*. 

Imagine a triangle ABC and a point O, through which point are drawn lines 
parallel to the sides dividing the triangle into three triangles OB,C,, OC,A,, OA;B;, 


* Figure 6 (substantially the same as Fig. 5) belongs to the same curve as Figures 1 and 2, and it 
exhibits the triple generation of this eurve: the generating point O being taken at a node (the same node 
as in Figure 2), and the two positions OB,C, and OB,'C, of one of the triangles being shown in the figure. 
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similar inter se and to the original triangle, and into three parallelograms 04,4 4A;, 
OB,BB, OC,CC,. Then, considering the three triangles as pivoted together at the 
point O, and replacing the exterior sides of the parallelograms by pairs of bars 
A,AA;, B,BB,, C,CC, pivoted together at A, B, C, and to the triangles at A,, As, Bs, B,, 
€, C, the figure thus consisting of the three triangles and the six bars; let the 


Fig. 4. Fig. 5. Fig. 6. 


three triangles be turned at pleasure about the point O, so as to displace in any 
manner the points A, B, C: we have the theorem that the triangle ABC will remain 
always similar to the original triangle ABC, that is, to each of the three triangles 
OB,C,, OC,A,, OA,B,: and further, that, starting from any given positions of the 
three triangles, we may so move them as not to alter the triangle ABC in magnitude: 
whence, conversely, fixing the three points A, B, C, the point O will be moveable in 
a curve. 


Assuming this, it is clear that the locus of the point O is simultaneously the 
locus given by 
The triangle OB,C,, connected by bars B,B and C,C to fixed points B, C, 
» OCA», » CC » A,A » C, A, 
» 0OA,B,, » A,A » B,B » A, iB; 
or, that we have a triple generation of the same three-bar curve. It may be 
remarked that the intersection of the lines BB, and CC, is the axis of the instantaneous 
rotation of the triangle OB,C,, so that, joining this intersection with the point O, 
we have the normal at O to the locus; and similarly for the other two triangles. 


It of course follows that the intersections of BB, and CC,, of CC, and AA,, and of 
AA, and BB, lie on a line through O, viz. this line is the normal at O. 


The result depends on the following theorem: viz. starting with the similar 
triangles OB,C,, A,OC,, A,B,0, say, the angles of these are A, B, C, so that the 
sides are 


k, (sin A, sin B, sin C), k, (sin A, sin B, sin C), k, (sin A, sin B, sin C); 
then it follows that the sides of the triangle ABC are 
k (sin A, sin B, sin C), 
the value of k being given by the equation 
ke = kè + k? + k? 42k, cos (X — A) + 2k;k cos (Y — B) + 2k,k, cos (Z — 0), 
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where X, Y, Z denote the angles 4,04,, B,OB,, C,0C, respectively: whence, since 
A+B+C=7, we have also X--Y--Z-. If therefore the angles X, Y, Z vary 
in any manner subject to this last relation and to the equation k*=const., the triangle 
ABC will be constant in magnitude. 


There is no difficulty in proving the theorem. Writing OC — r, and OB — c, also 
Z C0C, — yy, and Z BOB, = à, we have 


T? =b? +a? + 2bya, cos Z, —— va É, cos y = b + a, cos Z iad 
Gs T T 
o? = c? + aè + 26,2, cos Y, menr, cos $ = t mens T, 


and then 
Q? — T’ +o — 2o cos (À ++ $) 
— T? -- a? — 270 cos A cos $ cos p+ 2ro cos A sin $ sin yr 
-- 2c sin A sin W cos $+ 2ro sin A cos «y sin $ 
= b + c? + a+ aè + 2b,a, cos Z + 26a, cos Y 
— 2 cos A (b, +a, cos Z) (c, + a, cos Y) 
+ 2 cos A . da; sin Y sin Z 
+ 2 sin A sin Z .a, (c, + a, cos Y) 
+ 2 sin A sin Y. a; (b, + a, cos Z) 
= b? o? — 2b,c, cos A + a? + a2 
+ 2a,a;[— cos A (— sin Y sin Z + cos Y cos Z) 
+ sin A (sin Y cos Z + cos Y sin Z)] 
+ 2a; [(¢, — b, cos A) cos Y + b, sin A sin Y] 
+ 2a, [(b, — c, cos A) cos Z + c, sin A sin Z]. 
We have here b+ ¢,—2b,c,cos A =a: the second line is = — 2a,a,cos(A + Y + Z) 
which, by virtue of Y+Z=m—X, is —2a,4,cos (X — A): and in the third and fourth 


lines : 
€, — b, cos A = a, cos B, b,sin A = a, sin B, 


b,—¢,cosA=a,cosC, csin A= q sin C; 
whence Ts lines are 2a;a cos (Y — B), 2a;a,cos(Z — C): the equation therefore is 
= a? + a + as + 20,0, cos (X — A) + 204a, cos (Y — B) + 204a, cos (Z — C), 


which, putting therein for a,, a,, a; the values ksin A, k,sin A, k,sin A, and assuming 
as above 
ke = k + k2 + kh? + 2h k, cos (X —A)+ 2k;k, cos (Y — B) + 2k,k, cos (Z — 0), 


becomes a?=k*sin? A, or say a=ksinA; and similarly b=ksin B, c — ksin C, that is, 
(a, b, c) 2 k (sin A, sin B, sin C), the ceqiabed theorem. 
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Before proceeding to find the equation of the curve, I insert, by way of lemma, 
the following investigation :— 


Three triads (A, B, C), (F, G, H), (I, J, K) of points in a line, or of lines 
through a point, may be in cubic involution; viz. representing A, B, &c. by the 
equations æ — ay —0, «—by=0, &c., then this is the case when the cubic functions 


(a — ay) (x — by) (œ — cy), (e — fu) («— gy) (e — hy), (e — iy) (@ —jy) (« — ky), 
are connected by a linear equation. Regarding J, J, A as given, the condition 
establishes between (A, B, C) and (F, G, H) two relations: viz. these are 
(i— a) (i—b) @—0) : (j- a) (j-b) (j— 0) : (k-— a) (k —b) (k-o) 
=(i-f)@-g) @-4) : GP) G- 9) (9 -h) : &-f)(k-g) k- h). 
But, if K be regarded as indeterminate, then the condition establishes only the 


single relation 
(i-a) (i— b)(i- c) : G-a)(GG-4) (9-2) 
=(-f)@-g) G GSG -g G ~ h), 


which relation, if 4— 0, j— oo, takes the form abe=fgh. When K is thus indeter- 
minate, we may say that the triads (A, B, C) (F, G, H) are in cubic involution 
with the duad J, J. 


If A, B, &c. are points on a conic, then, considering the pencils obtained by 
joining these points with a point © on the conic, if the cubic involution exists for 
any particular position of @, it will exist for every position whatever of ©; hence, 
considering triads of points on a conic, we may have a cubic involution between 
three triads, or between two triads and a duad, as above. 


Taking «=0, y —0 for the equations of the tangents at the points J, J respectively, 
and z=0 for the equation of the line joining these two points, the equation of the 
conic may be taken to be wy—z*=0, and consequently the coordinates.of any point 


A on the conic may be taken to be a: y:z=a: : :Llo It is then readily shown 


that a, B, y, f, g, h referring to the points A, B, C, F, G, H respectively, the condition 
for the cubic involution of (A, B, C), (F, Œ, H) with the duad (J, J) is agy = fgh. 


And we thence at once prove the theorem, that there exists a cubic curve 
J,IjIQ;FGH, viz. a cubic curve passing through J, and having there the tangent JA, 
having at J a node with the tangents IB, JC to the two branches respectively, and 
passing through the points F, G, H; viz. that the triads (A, B, C), (F, G, H) being in 
cubic involution with (J, J) as above, there exists a cubic curve satisfying these 
2--5--3, —10 conditions. In fact, the equation of the cubic curve is 


J4ISIoF8H (y —5) (0 — 2) (0-2) 


+ = {(w—az) (e — B2) (w — yz) — (x — f) (w — ga) (w — ha)] = 0, 
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, j H) oA : 
where observe that second term is an integral function - (— Mz + Nz), if, for shortness, 


M=a+B8+y-f-g-h, 
N = By + ya + aß — gh — hf — fg. 


In. fact, the equations of the lines JA, IB, IC are y-2-0, “z—Bz=0, «—yz=0, 
respectively, and we at once see that these lines are tangents at the points J, J 


respectively ; moreover, at the point F, we have a, y, z—f, H l. Substituting these 


values, the equation becomes 
LE 1 1 
(5-72) 47 044-9 BU -»-0. 


viz, the equation is satisfied identically, or the curve passes through F; and similarly 
the curve passes through G and H. 


In precisely the same manner there exists a cubic curve 7,J,J;,FGH ; viz. this is 
LJJ,FGH; (sa) (y — 5) (y -2) 
az z z z z z 2 
ty (ev 4 (v a) Car (v p) rar (v -)-* 
where the second term is an integral function, az?(— M'y + N'z); if, for shortness, 
M’=-+5+--5---;=-—_VN, 


Lers (Mie Ned 1 


N'-1-^4—4——-——12—27-—-—2 M, 
By wa aB gh hf fg apy 
in virtue of the relation ay — fgh; so that the s^cond term is in fact TC Cau + Bz). 
y 


Writing for shortness J4, 7, to denote these two cubics respectively, we have 
four other like cubics, J5(— JsIola FGH), I5 (2 I5J;J ,FGH), Jo(— JoI,I5FGH), and 
Io(—I,J,J4FGH); the equations being 

2 

Ja; (y 2) 6 82072) = C Mo N2) =0, 
2 

Ja; (v7) 19 œ- a+ 5 (C Me+ Ne)=0, 
Z 2 

Jo; Mem (a — az) (a — 82) + = (— Mz + Nz) — 0, 


Pr (s az) (y — 5) (v - 2) 5 C7 Nu at2) - 6 


Ly («- 83 (y - 5) (v 2) 7, (- Ny M3) - 6, 


Io; (æ-— yz) (v-3) (v- 3) 5 C y Me)=0 
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623] 
We find 


We require the differences of the products I,J4, 75J5, ZoJc 
ay (— Ma + Nz) (- Ny + Mz) 


IJ p= (æ — az) (x — Bz) (£ — ~y2)(y-2)(y- aig) ie ait 


+5 C Ny + Me) (y— 5) (@— 12) (v — 22) 
+5 (- Ma + N2) (e — Bz) (y — A (y- B); : 
Similarly, we have 


let Q denote the sum of the two expressions in the first line 


L6 pnma 5 C My N2) ( -ž) (ni: ax) (a — Bs) 
* C Me piieis (y- 3) (v- 5). 


We have thence 
i 1 
Jodi ele «ut E (æ — az) (— Ny + Mz) - (v " z) (— Mz + No) 


x 1" (v- 3) e-»2-5(v- 5) e- 89): 
the factors in { } are respectively 

= (2-4) ey - 2 and (ar- 2) ey - 2%, 
so that we have 


IJ, -Ico - (5- 5) (2 -M) # (ey - 2}. 


The constant factor 
| (8-5) (5) 
is 
Ecc 


if P,, P,, P, denote respectively the functions 
NOI: Mea MS ON M 
pones E , 
By* a’? ya" B' aty 


Attending to the equation ag» — fgh, it appears that we have 
D dob 3 


1 
-(a+8 +y- E T EA E i 
(B7 f- 9-7 ra( Le 75-7 
with like values for P, and P,. 
C. IX. 71 
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We have thus 
TEREA D fete: = — (P, — P) 2 (ay — 2Y, 
and similarly 
IcoJo — IaJ4 = —(P,— P) 2 (ay — 2Y, 
Pp p — IyJ 5. = — (P, — Pr) 2 (ay — zy. 


Any function Z,J 4 + Az (cy — 2}, where X is arbitrary, can of course be expressed 
in the form J,J,+(0+P,)2(ay—2), where @ is arbitrary, and therefore in the 
three equivalent forms 

I,J,-(0-- P) 2 (xy — 2y, 
IgJg -(0-- Pj 2 (ay —2y, 
IoJo + (0 + P) 2 (zy —€ gr, 


We have z=0, the line JJ: and zy — 2 —0, the conic JJABCFGH. The equation 
I,J,-cAZ2(«zy—2y-0 may thus be written in the more complete form 


I,J,J,FGH .J I4I;FGH + (IJP (IJABOFGHy = 0, 


and we hence see that it is the equation of a sextic curve, having a triple point 
at J, the tangents there being JA, JB, JC; having a triple point at J, the tangents 
there being JA, JB, JC; and having a node (double point) at each of the points 
F, G, H. There are thus in all (6 4-3) -(6 -3) --3--3--3, =27 conditions, and these 
would in general be sufficient to determine the sextic. The data are, however, 
related in a special manner; viz. regarding the points J, J, F, G, H as arbitrary, 
the lines JA, JB, IC, JA, JB, JC are not arbitrary, but satisfy the conditions that 
A, B are arbitrary points, and C a determinate point, on the conic 7JABC. And 
the foregoing result shows that, this being so, there exists a sextic satisfying the 
foregoing conditions, but containing in its equation an arbitrary constant X or 6, and 
that the equation may be presented under the three forms 


I,J&Jo;FGH .J ,I5I4FGH + (0 + P)(1Jy (IJABCFGH y — 0, &e., 
corresponding to the partitions A, BC; B, CA; C, AB of the three points A, B, C. 


In the case where J, J are the circular points at infinity, the conic ZJA BCFG.H 
is a circle passing through the six points A, B, C, F, G, H; and the condition 
of the cubic involution of the triads (A, B, C) and (F, G, H) with the points (J, J) 
is easily seen to be equivalent to the following relation, viz the sum of the 
distances (measured along the circle from any fixed point of the cireumference) of 
the three points A, B, C is equal to the sum of the distances of the three points 
PU OH, 


The sextic is a tricircular sextic having the three points A, B, C for foci, and 
having three nodes F, G, H, on the circle ABC, two of them being arbitrary points, 
and the third of them a determinate point on this circle. And it appears that there 
exists a sextic satisfying the foregoing conditions, and containing in its equation an 
arbitrary parameter. 
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I proceed to find the equation of the curve. 


Consider the curve (see Fig. 1, p. 552) as generated by the point O, the vertex of 
the triangle OC,B,, connected by the bars C,C and B,B with the fixed points C and B 
respectively; and suppose, as before CB=a, C,C=a., BB=a;, B,C,=a,, 00,25, 
OB,=c,; and draw as in the figure the parallelograms C,CC,0 and B,BB,0; then O 
may be considered as the intersection of a circle, centre C, and radius 0,0, with a 
circle, centre B, and radius B,0. Take 2C,CB=0, ZB,BC=¢: the lines CC, BB, 
are parallel to OC,, OB, respectively, and consequently 0 +ġ= m -— A, a relation between 
the two variable angles 6, ¢. 


Taking the origin at C and the axis of z along the line CB, that of y being 
at right angles to it: the coordinates of C, are (b,cos@, b,sin 0), and those of B, 
are (a — c; cos $, c, sin $); the equations of the circles thus are 


(æ — b, cos 0 t (y — b, sin 0y = aj, 


(w7—a+c, cos 6) + (y — asin $)* =a; 
whence . 
+ 2b cos 0 + 20,y sin 0 = a? ab? d, 


— 2c, (x — a) cos $ + 2c, sin $ = (v — ay -- y* + c? — as, 


which equations, writing therein for @ its value —7—.4—4 and eliminating the 
single parameter $, give the equation of the curve. 


We in fact have 
— 2b,» cos (A + $) + 2by sin (A + $)— a? Ly! rb) ar, 
— 2c, (x — a) cos $ + 2c, sin $ =(æ@— af +y + o? -— as; 


or say these are 


P cos $ + Q sin $ = R, 


P' cos ġ + Q'sin $ = E, 
where 
P --—29bw cos A +2by sin A, P' 2 — 26 (v — a), 


Q= 2bwesinA+2bycosA, Y= 2oy, 
R= sy b-a R =(@- ay y rot -—a. 
The equations give therefore 


cosó :sinó : -1- QR'—Q'R : RP'— RP : PQ'— PR, 
whence 


(QE — Q'Ry + (RP' - R'Py - (PQ' — PQ); 
and it hence follows that the nodes are the common intersections of the three curves 


QR —QR-0, RP- R'P-0, PY = P'Q-0. 
71—2 
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We have, retaining R and R’ to denote their values, 
QR —Q'R =- 2 [(Re, — R'b, cos A) y — Rb, sin A . æ], 
RP’ — R'P = — 2 [(Re, — Rb, cos A) (æ — a) + Eb, sin A (y — a cot A)], 
PY — P'R = —4 bo, [x (x — a) + y (y — a cot A)]. 


. Observing that R=0, R’=0 are circles; the equation QR' — Q'E— 0 is a circular 
cubic through the point z—0, y=0; the equation RP’— R'P-0, a circular cubic 
through the point z—a, y=acotA; and the equation PQ'— P'Q—0, a circle through 
these two points (and also the points «=0, y=acotA; =a, y=0). Hence the 
first and third curves intersect in the point (z — 0, y=0), in the circular points at 
infinity, and in three other points which are the nodes; viz. the curve has three nodes, 
say these are F, G, H. The second and third curves intersect in the point (#=0, 
y —acot.A) in the circular points at infinity, and in the three nodes. As regards the 
first and second curves, it is readily shown that these touch at the circular points at 
infinity ; viz. they intersect in these points each twice, in the two finite intersections of 
the circles R=0, R’=0, and in the three nodes. 

The three nodes F, G, H thus lie in the circle 
v (e —a) 4 y (y — a cot A) — 0, 
which passes through the points (z— 0, y —0) and («=a, y=0), that is, the points 
; a sin A i 
C and B. Assuming b= ap: 
y=bsinC, that is, the point A of the figure. Thus the three nodes F, G, H lie in 
the circle circumscribed about the triangle ABC. 


the circle also passes through the point æ= b cos O, 


Writing, for greater convenience, 
R-scc-y-e =æ +y -2av—f?, 
the nodes P, G, H lie on the two curves 
ay (à? +4? — e) — b, sin A (e + y cot A) (à? +4? — 2ax — f?) — 0, 
e+y=a(e+y cot A). 
The first of these is 
[cy — b sin A (v + y cot A)] (a? +4?) 
+ [b, sin A (æ + y cot A) f? — ey] 
+ 2ab, sin A (x + y cot A) « — 0. 


We may combine these equations so as to obtain the equation of the triad of 

lines CF, CG, CH; viz. multiplying the second and the third terms of the first equation 
(a? + yy a? + y 

by — A sit PIE ox HIA 

y a? (æ +y cot Ay pn a(a+y cot A) 

equation becomes divisible by a*+y°: and, throwing this out, the equation is 


(each =1 in virtue of the second equation), the 


cy — b, sin A (æ + y cot A) 
+ [b,sin A (æ 4- y cot A) f? — oey] 
+2b,2 sin A = 0, 


e+ Y 
a? (a+ y cot AY 
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where the first and the third terms together are = (c, — b, cos A) y + bæ sin A, viz. this 
is = sin B(z--ycot B). Hence, writing also in the second term a,sinB for b,sin A, 
the equation is 


(x + y cot AY (x + y cot B) + — a (o y eot A) f° — 


LA p] (405 9j 


or say this is 
(x sin A + y cos A } (æ sin B + y cos B) 


sin A sin B 


ee e sin A + y cos A) f° - 9 yl (œ + y) =0; 


viz. there is a term in 2?--Fy*, and another term 
(asin A + y cos A (v sm B + y cos B). 


Suppose for a moment that the angles FBO, GBC, HBC are called F, G, H; then 
the function on the left hand must be 


= M (v sin F — y cos F) (x sin G — y cos G) (æ sin H — y cos H). 
Writing in the identity «=iy, we have 
(cos A + isin A)? (cos B+ isin B) = — M (cos P —i sin F) (cos G — i sin G) (cos H — isin H); 


and similarly, writing æ= — iy, we have the like equation with —7 instead of +i; 
whence, dividing the two equations and taking the logarithms, 


4A --929B -2mr -F— G — H, 
which leads as before to the relation A’+ B' + C' — F'--G' + H*. 


In completion of the investigation, observe that M is determinately +1 or —1: 
and that 
sin A sin B 


a? 


le sin A + y cos A)-2 ey) 
is the linear factor of 
M (e sin P — y cos P) (x sin G — y cos G) (æ sin H — y cos H) 
— («sin A + y cos AF (æ sin B + y cos B), 


which remains after throwing out the factor æ? +4? Calling this linear factor po + qy, 
we have 


ap a e arg * Cy 
eS lig. COROUSE Bad ee Uh Tar 


or, as this last equation may be written, 


gu ou sin C 
sin A ain BS 008 A ~ sin B 


en 


Hence, writing a= ksin A, we have 


ke ke i 
fab e =g (p cos A — q sin A); 


www.rcin.org.pl 


566 ON THREE-BAR MOTION. [623 


substituting for f? and eœ their values, we have 


— kè sin? C + k? sin? A = rd FE sin? A, 
sin B 


| — k? sin? B+ k? sin? A = =g (p cos A — q sin A), 
or, what is the same thing, 
sin? A sin? O sin? A sin B sin? 
jal k sin F sin G sin H 
~ sin A sin C. sin A sin Z sin C" 
ke kè a ke ý 
~ sin? A * simb sin? Asim B sin O (p cond = gema) 

_ksin(A — F)sin(A — G) sin (A — H) 
a sin A sin B.sin A sin B sin C i 


gt sw A sin B) 


which are the relations connecting kı, kə, ks, when the foci and nodes are given. 


It is to be remarked that if, for instance, F=0 and G=A, then k, : k: ks 
=sin A : sinB : sin C; the nodes in this case coincide with the foci. A simple example 
is when A =B=C; the three triangles are here equal equilateral triangles. The general 
equations show that, if l, l, l are values of kı, kz, ks belonging to a given set of 
nodes and foci, then the values k=l? + usin? A, kè =l} +u sin? B, k=l} + usin? C (where 
u is arbitrary) will belong to the same set of nodes and foci. 


I write the equation of the curve in the form 
(QR — Q'R)+ i (RP — R'P)) (QU — QR -i RP’ - RP)] - (PY — P'QYy — 0, 
where 
(QR' — YR) - i (RP' — R'P) =(Re, — Rb, cos A)i (e—a —iy) — Rb, sin A {æ —4(y — a cot A)}. 


Calling J, J the circular points (o0, æ +iy=0) and (o, æ—iy=0), this is a nodal 
circular cubic having J for an ordinary point, but J for a node. Moreover, one of the 
tangents at J is the line æ —4y =0, that is, the line JB; in fact, writing as before 


R=æ+yp-e, R =£ +y —2as—f?, 
then, when z—42y — 0, we have R=- e, R' =— 24x — f°, and the equation becomes 
{— ce + b, cos A (2ax + f°?)} (— ia) + b sin A (2ax + f°) (ia cot A)=0; 


viz. the term in æ here disappears, or the three intersections are at infinity. The 
other tangent at J is the line æ—a—iy=0, that is, the line JC; in fact, when 
æ—a—iy=0, that is, y=—i(s—a), we have R=2ag- œ- e, R’=—a*?—/f?, and the 
equation becomes 


(a (2a« — a? — e) + b, cos A (à? +f?)}.0 +b, sin A (a? 4-f:).a (1 4-4 cot A)=0, 
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viz. the three intersections are here at infinity The tangent at J is the line 
æ —bcos C + i (y — bsin C) 20, that is, the line JA; in fact, writing this in the form 


y = ie — ib (cos C + isin C) = dz — iby, 


(if for a moment cos C +isin C — y, and similarly cos A + isin A =a, cosB+isin B= £); 
then, y having this value, we find 


R = 2bay — by- e, R'22 (by —a) a — bop — f, 


--(js-by-f5 
and the equation becomes 
| C, (2bya — by? — e) 
TOS PNOUB 
|- cos A (-5e-t i-e) Mn abe 
"rm (-S«- by — e) (20+ ia cot A — by) =0. 
The coefficient of a° is here l 
2i (ery + r2 3 


or, since b,c =be,, this is 
; 1i 
= 2ibe, (v T 5) >= 0, 


in virtue of the relation A+B+C=7, giving a8y=—1: hence there is only one 
finite intersection, or the line JA is a tangent. 


The cubic in question 
QR’ -QUR+i(RP’— RP)-0 


is thus a nodal cireular cubic which it is convenient to represent in the form 
(LJ 3J oF GH) =0; 


viz. this is a cubic, through J with the tangent JA, having J as a node with the 
tangents JB, JC, and through the points F, G, H. Observe that, if F, G, H were 
arbitrary, this would be 2--5--3, —10 conditions. The before-mentioned relation is, in 
fact, the condition in order to the existence of the cubic. 


Similarly the cubic 
QR'—Q'R—i(RP' — RP)-0 
is the cubic 
(J,I4I;FGH) = 0. 
The circle PQ'— P'Q—0 is the conic through J, J, A, B, C, F, G, H; or it may 
in like manner be written (JJABCFGH)=0; and we may write (JJ)=0, as the 
equation of the line infinity The functions denoted as above contain implicitly 
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constant multipliers which give, in the equation of the three-bar curve, one arbitrary 
parameter—and the equation thus is 


(Lid pd FGH) (J spl FGH) — 0 (IJ)? (IJABCFGH y — 0, 
a form which puts in evidence that J, J are triple points having the tangents 


IA, IB, IC, and JA, JB, JC respectively (whence also A, B, C are foci), and that 
F, G, H are nodes; viz. the result is as follows :— 


Taking 4, B, C, F, G, H points in a circle, such that, Sum of the distances 
(being the angular distances from a fixed point in the circumference) of A, B, C is equal 
to the sum of the distances of F, G, H: then there exist the cubics (7,J5 Jo FGH) — 0, 
(J AI5I -FGH) — 0, and the sextic is as above. 

Writing for shortness 

(I. plot GID) 2d (JAIg P GH) = J, 


then the above form is clearly one of three equivalent forms 


UzI,J,-0,0, 
-Iy, = 6.02, 
= lodo a» 0,Q*, 


This implies an identical linear relation between the functions I4J4, IsJg, IoJo; whence 
also U and. Q? are each of them a linear function of any two of these quantities. 


I originally obtained the equation of the curve in a form which, though far less 
valuable than the preceding one, is nevertheless worth preserving; viz. the equation 


(QR' — Q'Ry + (RP' - BP? 2 (PQ' - PRY 
may be written 


(R-P Q) (i - P*— Q*) - (RR - PP’ - QQ)'=0, 


which equation, substituting therein for P, Q, R, P’, Q', R’ their values, gives the form 
in question. 


Proceeding to the reduction, we have 
R — Pe -—Q = (2+ y + bf — a2)? — 4b? (a? + y’) 
= (a? + yY — 2 (b? + a2) (à? + y?) + (bP — az 
=(@ + -b +a) ey -bh-a); 
R*— P^ —Q^— (070 + + e? — af Aot (e—a y) 
—(z — a. +y- 2 (e? - ag) (e — à. ^ y?) + (cà — ash? 


—-(r—a 4g —0 48 )(z—a 4y!—6—a,). 
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But the reduction of RR’ — PP'— QQ is somewhat longer. We have 


RR — PP’ -QQ = (+y +b? — ag) (c — à ^ y! c? — ag) 


— 4b,c, (£ 2—04- y?) cos A — 45,0, ay sin A : 
and here , 
2b,c,cos A = b + e? — aj, 2a (r — a) + P = à? E y? (ec — ay T y* —a, 


also b,c,sin A —a,p, if p, be the perpendicular distance of O from the base B,C,. 
Hence the second line is 
— (b? +o — aj) (à? 4 y HE Tm Ty? — a?) — 4aa py, 
and the whole is ! 
= (#+y)(e-a +y’) 

+ (a? + y?) (a? V b? T as) 

T(c— a + y?) (a? — c? — a4) 

+ (b? — a?) (e? — a5?) + à? (b? + e? — a?) — 4am, pry ; 
whence, finally, we have 

RR — PP’ — QQ' 2 (à? -- y +a- a? — e?) (a — wis y! +a? — ag — b?) 
+ (a? + a? — a? — a3) (b? + c? — a") — 4aa, py. 


Hence the equation of the curve is 
(@+y-b+a)(@+y—-b—G)@—a+y—4+a)(e—a Hy a 4) 
— (2 +Y ta? — a? — c?) (r—a +Y +a? — a? — b?) 
+ (à? + a? — aj — a4) (b? + c? — a?) — 4aa pry}? = 0, 
where p, is given in terms of the constants a, bı, c, by the equation 


There are in the equation two terms, (a+ y’), (x — à. +y}, which destroy each other, 
and the remaining terms are of the order 6 at most. Hence the curve is a sextic; 
and it is, moreover, readily seen that the curve is tricireular Assuming this, it 
appears at once that the lines æ+ iy=0, æ—iy=0 are tangents to the curve at the 
two circular points at infinity. In fact, assuming either of these equations, we have 
4? 4-y'— 0, and the equation becomes 


(b? — a) (— 2ax + à? — e + d;) (— 2az + à? — c, — ds ) 
= (as? ess a,” x 6,7) (— 2ax + a? + a? = as Mn bi?) 
+ (a? + aè — aè — a3) (bF + c — a?) — 4am py}? = 0, 


a quadric equation. Hence there are on each of the two lines only two finite inter- 
sections, or the number of intersections at infinity is =4; viz. the line is a tangent 
C. IX. 72 
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to one of the branches at the triple point. Similarly, the lines z—a-4y- 0, 
æ—a—iy=0 are tangents. Thus the points C and B are foci. It might with some- 
what more difficulty be shown from the equation that the point «=bcosC, y =b sin C 
(vhere, as before, pane ) viz. the point A of the figure, is a focus; but I have 


not verified this directly. It clearly follows, if we generate the curve by means of the 
triangle OA,C, and the fixed points C, A. Hence A, B, C are a triad of foci, and 
the theorem as to the nodes is that these lie on the circle drawn through the three 
foci A, B, C. 


I prove in a somewhat different manner, for the sake of the further theory which 
arises, the theorem of the triple generation; for this purpose, constructing the foregoing 
Figure 2 (p. 553) by means of the three triangles OB,C,, OC,A,, OA;B;, but without 
assuming anything as to the form or position of the triangle ABC, I draw through 
O a lime Oz, the position of which is in the first instance arbitrary, say its inclination 
to OC, is =v; and drawing Oy at right angles to Oz, I proceed, in regard to these 
axes, to find the coordinates of the points C, B. We have, for C, 


æ = a COS v + b, cos (v+ Z), y= a sin v + b sin (v +Z); 
for B, ; 
& — cos (v 4- À --Z) Fa, cos (v 4- À 4 Z 4 Y), 


y =¢,sin(v+A+Z)+a;sin(v+A+Z+Y); 
or, writing for Y+Z the value zr — X, so that 
v+A+Z+V=r+v+A-X, 

the coordinates of B are 

æ = & cos (v + Á + Z) — a cos (v + A — X), 

y =a sin (v +A + Z) — asin (v + A — X). 

Taking the two values of y equal to each other, the equation to determine v is 
a, sin v + b sin (v + Z) — asin (v+ A +Z) + asin (v + A — X)— 0. 
We make the line Oz parallel to BC, so that, writing j 
£ = d COS V +b, cos (v + Z), 


g — a= G Cos (v + À + Z)— a, cos (v - A — X), 
we have 


a — A, Cos v + b, cos (v + Z) — c cos (v + A + Z) +a cos (v + A — X), 
which determines the distance BC, =a. And moreover, writing 
Y = d, Sin v 4- b, sin (v 4- Z), 
— c, sin (v+ A + Z) — asin (v+ A — X), 
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we have y as the perpendicular distance of O from BC, and «s and (a—«#) as the 
two parts into which BC is divided by the foot of this perpendicular. Iu the reduction 
of the formule we assume that the three triangles are similar; viz. we write 


(d, b, 6), (z, ba; €), (as, bj, Cs) 
— k, (sin A, sin D, sin C), k,(sin A, sin B, sin C), k; (sin A, sin B, sin C); 
and we use when required the relation A + B - C — 7. 


The equation for v becomes 
ksin (v — C + Z) + kasin v +k; sin (v + A — X)— 0, 


which may be written 
L sin v — M cos v = 0, 
where 
L = k, + k cos (Z — CO) + k, cos (X — A), 


M= — k sin (Z-— C) + ksin (X — A); 
hence, putting 


ke = kE + kè + kè + 2kk, cos (X — A) + 2k;k, cos (Y — B) + 2h,k, cos (Z — €), 
we have 22+ M= k, that is, V L? + M? =k, and therefore 
ksin v=M, kceosv= L, 
which gives the value of v; and then, after all reductions, 
kæ = k? sin B cos C + kb? sin A + kè. 0 + kks sin A cos (X — A) 
+ kk, [— sin B cos (Y -+ A)] 
+ kk, [sin (B — A) cos (Z + A) + 2 sin A sin B sin (Z + A)], 
k (a —2) =k? sin C cos B+ kt. 0+ hy! sin A +k sin A cos(X —4) — 
+ kk, [sin (C — A) cos (Y + A) +2sin A sin Csin (Y + A)] 
+ jk, [— sin C cos {Z + A)], 
and 
ky = k? sin B sin C + kk; sin A sin (X — A) + kk, sin B sin (Y + A) 4- kl, sin Csin (Z + A). 


The first and second equations give ka=k*sin A, that is, a = ksin A; and, similarly, 
b = ksin B, c=k sin C; viz. we have l 


(a, b, c) 2 k(sin A, sin B, sin C), 


or the triangle ABC is similar to the other three triangles, its magnitude being given 
‘by the foregoing equation for k’. These are the properties which give the triple 
generation. 


72—2 
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Changing the notation of the coordinates, and writing (a, y, z) for the Rim 

ieular distances from O on the sides of the triangle ABC, we have, as above, 

ka = k? sin B sin C + kk, sin A sin (X — A) + kk, sin B sin (Y + A) + kk, sin C sin (Z + A), 
and therefore 

ky = kè sin B sin C+ kk, sin A sin (X + B) + kk, sin B sin (Y — B) + kk, sin C sin (Z + B), 

kz =k? sin € sin A + kk, sin A sin (X + C) + kk, sin B sin (Y + C) + kl, sin C sin (Z — C), 
values which give, as they should do, 

v sin A + y sin B + z sin  — k sin A sin B sin C. 


Taking (vw, y, z) as simply proportional (instead of equal) to the perpendicular 
distances, then (z, y, z) will be a system of trilinear coordinates in which the equation 


of the line infinity is 
«sin Á + ysin B -zsinC —0; 


and considering (w, y, 2) as proportional to the foregoing values, and in these X, Y, Z 
as connected by the equation X + Y+Z=m and by the equation which determines %°, 
the coordinates (æ, y, z) are given as proportional to functions of a single parameter, 
so that the equations in effect determine the curve which is the locus of O. 


But to determine the order, &c, the trigonometrical functions must be expressed 
algebraically; and this is done most readily by introducing instead of X, Y, Z the 


functions 
cos X +isinX, cos Y +isin Y, cosZ+isnZ, =£, n, 6; 


and we may at the same time, in place of A, B, C, introduce the functions 
cos Á +isin Á, cos B +isin B, ^osC-risin C, =a, B, y. 


The relation X + Y+Z=m gives £pg£—— 1; and similarly A-- B--C — gives 
apy — — 1. 


We have 
cos QC- A) e 4 (£49). isinX - 4)2 3 (2-2), &o.; 


the equation k? =k, + &c. becomes 


= bie kie ls (de) e ($45) +hk (E), 


or, as this may be written, 
(= + k he + he) + kaks (E — ant) + ele, (3— BtE) + lake (5 — vv) = 0. 


Also the value of æ is proportional to 


ke (4-5) (y — 5) + kok, (n = z) (£-2) + ksk, (8-5) (an — =) + bake (v- =) («t - 72). 
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or, what is the same thing, to 


m (8-3) (v--) ks (a =t) (E + ant) + tak (8— 3) (an+) + like (y- =) (at 8. 


with the like expressions as to the values of y and z. Introducing for homogeneity 


a quantity œ, viz. writing d E : in place of £, y, § we have the parameters 
(E, n, €, e) connected by the homogeneous equations 
Eno + œ — 0, 


(— I8 + à + à + hg) o + kks (e a ant) + kyl (5 E Bee) kk, (2 -&) el 


and the ratios of the coordinates are 


E EE =ke (8-3) ( = 2) tkt (a- 3 (E +ang) 


a 
vaa (8-1) (emet E) n (a= D(re e 


ae Deni (n7 D tet 


Ww k G a 3) k^ + ace) + ky key (v T 5) (8to K ) 


DE (a zi = (8- 3) w? + kaks (a - : (Eo + 2) 
van (8-1) (oer) eno (tv) 


Suppose, for shortness, these are æ : y : z2 P : Q: R. Observe that the form of 
the equations is &yf+o>=0, Q=0, and » : y : ze P : Q: R; where Q and P,Q R 
are each of them a quadric function of the form (@*, e£, wn, wf, nf, CE, En), the terms 
in £, n’, P being wanting. 


Treating (£, n, £ w) as the coordinates of a point in space, the equation &nf+@*=0 
is a cubic surface having a binode at each of the points (£—0, w= 0), (y —0, » — 0), 
(£20, w=0), and the second equation is that of a quadric surface passing through 
these three points; hence the two equations together represent a sextic in space, or 
say a skew sextic, having a node at each of these three. points. The equations 
æ:y:z=P : Q: R establish a (1, 1) correspondence between the locus of O and 
this skew sextic. To find the degree of the locus we intersect it by the arbitrary line 
ax +by+cz=0; viz. we intersect the skew sextic by the quadric surface aP + bQ+cR=0. 
This is a surface passing through the three nodes of the skew sextic, and it there- 
fore besides intersects the skew sextic in 12—2.3, =6 points. Hence the locus is 
(as it should be) a sextic. 
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I consider the point »=0, £—0, w=0, or say the point (1, 0, 0, 0), of the 
skew sextic. This is a node, and for the consecutive point on one branch we have 
9:6: ome : le : ne, where e is infinitesimal. The equation of the cubie surface 


gives Im+n*?=0, and the equation of the quadric surface gives kks. — kiks = 0, 


that is, kœ = «yk, which, in fact, determines the ratio 1: m; but it will be 
convenient to retain the equation in this form, For the corresponding values of 
(a, y, z) we have 


: ks (a — =) vo hy) yn, 


s l 4*3 74 

1 yY Z= (a 3) Y*(v-);7 y rat 
1 I^ 1 ^ 

: (1-5) a+ (v -)5 mer TT E 3. 


: (« -i ay (y -z a cn sen oe T. 
the last set of values being obtained by aid of the relation ay — — 1; viz. we 
thus have 
wry tem itey): i LHe) i Clemy) 
that is, 
£:9y:22—:—1:4a, 


which are, in fact, the values belonging to one of the cireular points at infinity. 
For the consecutive point on the other branch we should obtain in like manner 


&:9y:22y:-—1: 2 which are the values belonging to the other circular point at 


infinity; viz. the node (1, 0, 0, 0) of the skew sextic corresponds to the circular 
points at infinity. But, in like manner, the other two nodes (0, 1, 0, 0) and (0, 0, 1, 0) 
each correspond to the circular points at infinity, or say we have in the skew sextic 
the three nodes each corresponding to one circular point at infinity, and the same 
three nodes each corresponding to the other circular point at infinity; viz. we thus 
prove that each of the circular points at infinity is a triple point on the locus of O. 


In order not to interrupt the demonstration, I have assumed the formule which, 
in the system of coordinates defined by taking 2, y, z proportional to the perpendiculars 
on the sides of a triangle ABC, or where the equation of the line infinity is 


æ sin A +y sin B + z sin C — 0, 
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give the circular points at infinity; viz. writing 
cos A + isin A, cosB+isin B, cos C + sin C=a, B, y, 


the coordinates for the two points respectively are 


1 1 
2:9y:22-1: 7 = and w:y:z=-1: =: 
y Y:g y y 
1 1 
= y icc RELOAD Ae P 
1 1 
= 1 — ; - = eU M —1 
[s] a hy B a > 
the three values for each point being equivalent in virtue of the relation ay =- 1. 


This is, in fact, under a different form, the theorem given in my Smith's Prize 
paper for 1875; viz. the theorem was: If X, p, v are the inclinations to a fixed 
line of the perpendiculars let fall from an interior point on the sides of the funda- 
mental triangle ABC, then, in the system of trilinear coordinates in which the 
coordinates of a point P are proportional to the triangles PBC, PCA, PAB (or 
where the equation of the line infinity is e+y+2z=0), the coordinates of the circular 
points at infinity are proportional, those of the one point to e^sin(,-—v), e sin (v — X), 
e” sin( — u), and those of the other point to e^ sin (u — v), e-* sin (v — A), e sin (À — p). 

In the plane curve, the lines drawn from A, B, C to the circular points at 
infinity are: 

To the one point. ^ To the other point. 


From A, ay 4- z — 0, .yTa220; 
wii dA Bz * « — 0, z t 8v —0; 
a eos yc 4- y — 0, æ+ yy — 0. 


Each of these lines, quà tangent at a triple point, meets the curve in the circular 
point at infinity counted four times, and in two other points The corresponding 
points on the skew sextic should be a node counted twice, the two other nodes 
counted each once, and two other points. The proof that this is so would show 
that the points A, B, C are a triad of foci There is also the question of the 
determination of the values of (£, 7, & œ) which correspond to the nodes of the 
plane curve. But I have not further pursued the theory. 


ADDITION.—Since writing the foregoing paper, I have found that the relation 
between the nodes and foci (sum of angular distances of the foci — sum of angular 
distances of the nodes) may be expressed in a different form; viz. the triangle of 
the foci and the triangle of the nodes are circumscribed to a parabola (having its 
focus on the circle); and I have made in relation to the question the following 
further investigations :— 


Considering a circle: and a parabola having its focus at K, a point of the circle; 
then if, as usual, Z, J are the circular points at infinity, we have IJK a triangle 
inscribed in the circle and circumscribed to the parabola; hence there exists a 
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singly-infinite series of in- and circumscribed triangles, so that, drawing from a point 
A of the circle tangents to the parabola again meeting the circle in the points B 
and C respectively, BC will be a tangent to the parabola; or, what is the same 
thing, starting with the triangle ABC inscribed in the circle we can, with the 
arbitrary point A on the circle as focus, describe a parabola touching the three sides 
of the triangle ABC; viz. the parabola described to touch two of the sides of the 
triangle will touch the third side. 


Taking, then, a circle radius $k, and upon it the three points A, B, C determined 
by the angles 2a, 28, 2y respectively (viz. the coordinates of A are w, y= 4k cos2a, 
ksin 2a, &c., and a point K determined by the angle 2« (suppose for a moment 
the origin is at K), the equation of a parabola having K for its focus will be 


à? + 4? = (æ cos 20 + y sin 20 — py, 


or, what is the same thing, 
(x sin 20 — y cos 20)? + 2p (x cos 20 + y sin 20) — p? = 0, 


where 0, p are in the first instance arbitrary; and the condition in order that 
£x c ny + €=0 may be a tangent is easily found to be 


p (£ 4) + 2£ cos 20 + 25 sin 20 = 0. 


It is to be shown that p, 0 can be determined so that the parabola shall touch 
each of the lines BC, CA, AB. 


Taking the origin at the centre, the equation of BC is 
æ cos (B + y) + y sin (B +y) — $k cos (B — y) — 0, 

as is at once verified by showing that this equation is satisfied by the values 

æ, y —4kcos 28, 1ksin28, and —4kcos2y, 4ksin 2y. 
Hence, transforming to the point A as origin, the equation is 

[x + $k cos 2x] cos (8 + y) + [y + $k sin 2«] sin (8 +y) — 4k cos (8 — y) = 0; 
viz. this is 
æ cos (B - vy) - y sin (B +y) — $ [cos (8 — y) — cos (8 + y — 2«)] - 0; 

or, finally, it is 

æ cos (B +y) +y sin (B +y) — ksin (e — 8) sin (x — y) = 0. 
Hence the condition of contact with the line BC is 

p = 2k sin (x — 8) sin (x — y) cos (20 — 8 — y); 

and, similarly, the condition of contact with the line CA is 


p= 2k sin (x — y) sin (k —- à) cos (80 — a); 
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viz. these conditions determine the unknown quantities p, 0. It is at once seen that 
we have 
20— 8—y-im-m-—(x—2a) that is, 20-1 —x-c-a-c-8-y; 
and then 
p = 2k sin (« — a) sin (x — B) sin (x — y); 


from symmetry, we see that the parabola touches also the side AB. 


Suppose, next, F, Gare points on the circle determined by the angles 2f, 2g; 
retaining p and @ to denote their values, 


p = 2k sin (x — a) sin (x — B) sin (x — y), and 20 — 1r —k +a+ß +y, 
the condition, in order that FG may be a tangent, is 


p = 2ksin (x — f) sin (x — g) cos (20 — f — 9); 
viz. determining 5 by the equation 
at+B+y=ftgth, 
this is 
p = 2ksin (x — f) sin (x — g) sin (« — h), 
or, what is the same thing, 
sin (x — @) sin (x — B) sin (x — y) —sin (x — f ) sin (x — g) sin (x — h); 


viz. this equation, considering therein A as standing for a+@8+y—f-—g, is the 
relation which must subsist between f and g, in order that the line FG may be a 
tangent to the parabola. And then, h being determined as above, and the point H 
on the circle being determined by the angle 2h, it is clear that the lines GH, HF 
will also be tangents to the parabola; viz FGH will be an in- and circumscribed 
triangle, provided only f, g, h satisfy the above-mentioned two equations. The latter 
of these, if f, g, h satisfy only the relation a+ 8 «y —f--g--h, serves to determine 
«x; and then, @ and «x denoting as above, the equation of the parabola is 


a? + y? = (æ cos 20 + y sin 20 — py; 


and it thus appears that the condition in question, a 4-/8-F'y —f-- gh, is equivalent 
to the condition that the triangles ABC, FGH shall be circumscribed to the same 
parabola. 


It is to be remarked that the distances KA, KB, &c. are equal to ksin (x — a), 
k sin (x — 8), &c.; hence the condition 


sin (x — a) sin (x — 8) sin (x — y) = sin (x —f) sin (« — gy sin (x — h) 
KA.KB.KC- KF.KG.KH; 


becomes 


viz. the focus K is a point on the circle such that the product of its (linear) 
distances from the foci A, B, C is equal to the product of its (linear) distances 
from the nodes F, G, H. 

Q. IX. 73 
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It is to be remarked that the foregoing equation in « determines a single position 
of the point K; viz. it determines tan x, and therefore sin 2« and cos 2k, linearly. 
The equation is, in fact, a cubic equation in tan «x, satisfied identically bv tan «= ʻi 
and tan « — — i, and therefore reducible to a linear equation. 


. Write for a moment tan « =o, and 
(tan « — tan a) (tan « — tan £) (tan « — tan y) = e? — pæ? + qo — v, 


(tan x — tan f) (tan « — tan g) (tan « — tan h) = e? — p'o? + q'o —1'; 
also 


M = cos f cos g cos h + cos a cos 8 cos y. 
Then we have 
o? — po? + qo — r = M (o? — p'o* + qo — r’), 
where 


p-ra-M(r-—p),q2124 M (7-1). 
Substituting these values, the equation becomes 
e — ro +o —r — M (v? ro + e — 1^), 


viz. dividing by e?--1, this is o—r=M(w—7’); or substituting for v, 7’, M their 
values, 
(cos a cos £ cos y — cos f cos g cos h) tan « = (sin a sin £ sin y — sin f'sin g sin h), 


which is the value of tan «x, and then 


2 tan x 1 — tan? « 
cos 2k = 


TUA TI quiis cala te thee vH 
UNE 1+tan?«’ 1+ tan? « 


It may be further noticed that, if the parabola intersect the circle in a point L, 
and the tangent at L to the parabola again meet the circle in M, then, if 2l, 2m 
are the angles for the points L, M, we have J, m, m for values of f, g, h, whence 
l, m are determined by the equations 


L+2m=a+ B y, sin (« — D) sin? (x — m) = sin (x —2)sin (x — 8)sin (« — y); 


but as the circle intersects the parabola not only in two real points, but in two 
other imaginary points, there is no simple formula for the determination of J and m. 


G 
F 


C 
B 


To determine the linkage when the nodes are given, suppose that, in the generation 
by O, the vertex of the triangle OB,C,, we have O at the node F: then, if v, c 
are the distances of C, B from the node in question, we have, as in the memoir, 


(b? + 7? — a2) qo = (c? + o? — ag) br, 
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that is, 
(b? — ag) eo — (c? — ag) bir + ot (eT — bc) = 0, 


or, what is the same thing, 
(b? — aF) co — (c? — a3) br + oT (cr — bo) = 0. 


Suppose, as in the figure, that F is between B and A; then, if AF-p, we 
have cr — bo -- ap, and the equation becomes 
(b? — a£) co — (c? — a) br + apor = 0. 


Similarly, if, as in the figure, G is on the other side of A, that is, between A 
and C, and if p', o’, 7' be the distances AG, BG, OG, then bo'-cr'--ap', that is 
er’ — bo! — — ap', and the corresponding equation is 


» 


(b? — a?) co’ — (c? — a?) br’ — ap’o’r’ = 0. 
We hence find 
(b? — a?) c (oT — o'r) + arr (po + p’o’) = 0, 
(c? — aF) b (av! — o't) + acc" (pt + p^) = 0. 
But we have 
BG .CF = BF .CG+BC.FG, 


that is, 
ort=o7T +a.FG, or o —o'r- —a. FG; 
also, 
POE A f BF + AG.BG, =FG.CH, =FG.r’, 
and 


pr t pT —AF.CF -- AG.CG, — FG.BH, — FG .c", 


as may be shown without difficulty, p", c", 7" being the distances AH, BH, CH. 
Hence the equations become 

c (b? — a) — TTT” — 0, 

b (c? — a3) — ac'c" = 0, 
showing that, the foci being as in the figure, b?— a? and c?— a, are each of them 
positive; viz. that, in the generation by the triangle OC,B,, the radial bars az, a, are 


shorter than the sides 5, c, respectively. ‘Substituting for b,, &c. the values ksin B, &c.; 
also, instead of kı, ka, b,, introducing the quantities M, A», As, where 


ki, ka, b, =X, sin A, A, sin B, A, sin C, 
these equations become 
€ (X? — A2) sin? A sin? B = trr”, 
b (A? — 13) sin? A sin? C = o'o” ; 
or, as these may be written, putting for shortness M — sin A sin B sin C, 
Me (M — Ne) = ¢ TTT”, 
Mke (x? — X3) = b o'o”. 
73—2 
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All the quantities have so far been regarded as positive, and the formule are 
applicable to the particular figure; but, to present them in a form applicable to any 
order of the nodes and foci, we have only to write the equations in the forms 

ME (X? — X4?) = E? sin (a — 8) sin ( f — y) sin (g — y) sin (h — y), 
ME (X? — X3) = E? sin (a — y) sin (f— 8) sin (g — 8) sin (h — £); 
and these may be replaced by the system 


M (X? — M) = ke? sin (8 — y) sin (f— a)sin(g — a) sin (h — a), 
M? (A? — X?) = E? sin (y — a) sin (f— 8) sin (g — 8) sin (h — £), 
ME (X? — X) = I? sin (a — 8) sin (f — y) sin(g — y) sin (h — y), 


since the first of these equations is implied in the other two; and then, reverting 
to the original form, we may write 


Mk? (A? — A?) = BC. FA . GA. HA, 
Me (AZ —2,) = CA. FB. GB. HB, 
Mk? (42 — 2,7) = AB. FC. GC. HC, 
it being understood that the distances BC, FA, &c. which enter into these equations, 
are not all positive, but that they stand for ksin (8 — y), ksin(f-—4) &c, and that 
their signs are to be taken accordingly. Or, again, these may be written 
BC (c? — b?) 2 FA. GA. HA, 
CA (a? — c?) - FB. GB. HB, 
AB (b? —a?) 2 FC . GC . HC, 
‘where the signs are as just mentioned. We may say that t(c?—0;) is the modulus 
for the focus A; and the formula then shows that this modulus, taken positively, is 


equal to the product of the distances FA, GA, HA of A from the three nodes 
respectively, divided by BC, the distance of the other two foci from each other. 
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